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Fluctuation modes in confined nematic liquid crystals in a regime of critical wetting
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Analytic solutions are obtained for the energies of normal fluctuation modes in confined nematic liquid
crystals in a regime of critical wetting. The expressions are valid close enough to the nematic-isotropic
phase-transition temperature and demonstrate that the spectra of local director modes give direct information
about the nature of presurface forces and the criticality by itself. The possible changes in the spectra imposed
by interface-position fluctuations and order-electricity effects are also discussed.@S1063-651X~99!10711-6#

PACS number~s!: 61.30.Cz, 64.70.Md
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Recently, Z̆umer and co-workers have studied the dyna
ics of normal fluctuations near the nematic-isotropic pha
transition temperatureTNI in nematic liquid crystals sand
wiched between two parallel ordering~or disordering!
substrates@1#. Apart from the well-known soft scalar orde
parameter modes, reflecting the interface position fluct
tions, their numerical analysis also indicated a few direc
modes restricted to the boundary layers: uniaxial direc
modes in the case of ordering substrates, and biaxial dire
modes in the case of disordering substrates. In a regim
critical wetting both types of local director modes exhib
pretransitional slowdown. In this Brief Report we prese
analytic results valid close enough toTNI for the energies of
local director modes and discuss the role of order electri
and critical interface-position fluctuations.

In a macroscopic Landau–de Gennes description@2# the
surface free-energy potential in a single elastic-constant
proximation can be recasted to the following form:

Fs@S#5LQc
2E dxdyE

0

`

dzH 1

2
~]aSbg!2

1
1

j0
2 @ f ~S!2 f ~Sb!#1d~z! f 0~S!J , ~1!

where f (S)5(11t)tr S2/22A6 trS31@ tr S2#2/2 is the uni-
form free-energy potential. The following reduced quantit
are used in the above expression:~i! the reduced tensor orde
parameterS[Q/Qc , whereQc52b/3A6c is the value of the
scalar order parameterQ at TNI5T* 1b2/27ac; ~ii ! the re-
duced temperaturet5(T2TNI)/(TNI2T* ). The liquid crys-
tal is assumed to occupy the semi-infinite spacez.0, z being
the coordinate normal to the surface.Sb5Sb(t) is the order
parameter deeply in the bulk (z→`). j05AL/a(TNI2T* )
is the correlation length of the isotropic phase at coexisten
L is an elastic constant, anda[a(T2T* ). The material
constantsa, b, andc are positive and temperature indepe
dent.T* is the supercooling temperature for the bulk isot
pic phase. The short-ranged substrate potentialf 0(S) is mod-
eled by the expressionf 0(S)5as tr(S2Ss)

2/2 @3#, whereSs

5us(3ns^ ns21)/A6 is a symmetric traceless second-ra
tensor characterizing the substrate, andas is a phenomeno-
logical constant.us andns are the scalar order parameter a
the director orientation preferred at the surface. We cons
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uniform director configurations, i.e.,S0(z)5u(z)(3n0^ n0

21)/A6, wheren0 is the constant nematic director~normal
to the substrate! andu(z) is the scalar order-parameter pr
file. AboveTNI the functionu(z) is known to be@4#

u~z!5
11t

11At sinh~z/j I1a I !
, ~2!

where a I5arcsinh$@(11t)/u021#/At%. j I5j0 /A11t is
the correlation length in the isotropic phase,u0[u(0). On
the other hand, belowTNI one finds

u~z!5ub2
3ub22~11t!

2ub212Aub21sinh@sgn~u02ub!z/jN1aN#
,

~3!

where aN5arcsinh$@2ub211(3ub22t22)/(u02ub)#/
Aub21% and ub(t)53/41A128t/4. jN[d2f (ub)/dub

2

5j0 /A3ub22(11t) is the correlation length in the nemat
phase.

For t.0 the profileu(z) describes a paranematic laye
whereas the bulk is occupied by the isotropic phase~Fig. 1!.
For large enoughu0 , u(z) has an inflection point atz5dI
marking the center of the nematic-isotropic interface. Bel

FIG. 1. Potentials from Eq.~4! for ordering substrates att
50.0001.j0 is used as a unit length for thez coordinate.
7596 © 1999 The American Physical Society
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TNI and foru0,ub the surface layer is less ordered as co
pared to the bulk. The profile has an inflection point az
5dN marking the interface position~Fig. 2!. The above pro-
file functions can be used to describe the surface phase
grams @5#. Here we just note that for the special cases
ordering substrates, which are described by the condi
as→1`, a complete wetting regime is realized forus>1
andt→01, whereas for the special case of disordering s
strates, described by the conditionus50, the isotropic phase
wets completely the wall foras>j0

21 andt→02. The latter
case is more interesting in the sense that now the sur
order parameteru0 is not pinned by the surface forces and
changes with the temperature asu0(t)5utu1/2/Aj0

2as
221

1O(utu). This additional surface criticality takes place s
multaneously with the critical interface delocalization.

Fluctuation modes. Using the decompositionS(r )
5S0(z)1f(r ), and the parametrization of the tensor flu
tuation field by the base tensorsgi , i 50, . . . ,4 @6#, i.e.,
f(r )5( i 50

4 f i(r )gi , one obtains the following Schro¨dinger-
type eigenmode equations:

F2j0
2 d2

dz2
1Vi~z!Gf i~z!5Eif i~z!, i 50, . . . ,4, ~4!

where the functionsV0(z)511t26u(z)16u(z)2, V1(z)
5V2(z)511t23u(z)12u(z)2, and V3(z)5V4(z)511t
16u(z)12u(z)2 may be thought of as potential energies
a related quantum-mechanical problem. The profile funct
u(z) is defined by Eqs.~2! and ~3!. The variablef0(r ) de-
scribes longitudinal scalar order-parameter fluctuation
whereas the pair variables @f1(r ),f2(r )# and
@f3(r ),f4(r )# are connected to thetransverseuniaxial and
biaxial director fluctuations, respectively.

In what follows we study the eigenvalue problem just f
the special cases of ordering and disordering substr
specified above. In the first case the fluctuation modes
pinned at the surface, i.e.,f i(z)uz5050, i 51, . . . ,4, and
there are two types of local excitations related to the pot
tial wells shown in Fig. 1. The first one is the lowest so
modef0

(0)(z) characterized by an energyE0
(0)(t)}t and re-

FIG. 2. Potentials from Eq.~4! for disordering substrates att
520.0001.j0 is used as a unit length for thez coordinate.
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lated to the scalar order-parameter field. This mode descr
fluctuations of the mean-field interface position located az
5dI . Physically, this excitation appears as a result of
broken translational symmetry@u(z)Þ0# and its existence is
a typical feature of the critical wetting transition. The seco
type of localized modes discussed in Ref.@1# is connected
with the uniaxial director fluctuation fieldsf1(z) andf2(z).
In a vicinity of TNI the uniaxial modes soften and becom
gapless atTNI . These features of the local uniaxial direct
excitations can easily be obtained analytically in the limitt
→01. At a mean-field level the interface width is muc
smaller than the layer thicknessdI.j0ln(1/t), so that the
region 0,z,dI can be thought of as a nematic plate
width dI . In the same limitt→01 for the low-energy exci-
tations one can use the following square-well potentialV1(z)
~see Fig. 1!: V1(z)50, if 0,z,dI , and V1(z)51, if z
.dI . Thus, using the continuity of the logarithmic deriv
tive of the field f1(z) at z5dI , one finds the excitation
energiesE1

(n)5j0
2kn

2 . The parameterskn satisfy the implicit
equation

kndI5pn2arcsin~knj0!, n51,2, . . . ,nmax, ~5!

where the number of localized modesnmax is finite and fixed
by the condition 0<knj0<1: it depends on the reduced tem
peraturet since dI5dI(t). In the limit t→01, when dI

.j0ln(1/t), the excitation energiesE1
(n) take the following

asymptotic form:

E1
(n).

p2n2

ln2~1/t!
, n51,2, . . . ,nmax. ~6!

This expression is in agreement with the numerical result
Ref. @1# and reproduces, in particular, the observed cusp
behavior of the low-lying energy levels. We see that t
low-energy levels give a direct information about the log
rithmically divergent interface position,dI.j0ln(1/t). The
latter critical behavior is characteristic for short-range su
strate interaction, and in the case of long-range presur
forces it is, in principle, changed~see Ref.@7# and the refer-
ences therein!. Therefore, the above excitation spectra c
give a valuable information about both the nature of pres
face forces and the criticality by itself.

In the second limiting case of disordering substrates
complete wetting regime is realized foras>j0

21 as t→02.
Now it is the isotropic phase which wets the wall and t
presurface layer of thicknessdN5dN(t) may be considered
as a plate occupied by the isotropic phase. Due to the
that biaxial director fluctuations are strongly suppressed
the bulk nematic phase, there is a well in the potential fu
tion V3(z) ~see Fig. 2!. The potential well is located in the
presurface quasi-isotropic domain with a characteristic thi
nessdN . Thus, in the case of disordering substrates bou
biaxial director modes appear. On the other hand,
uniaxial director modes, being gapless Goldstone mode
the bulk nematic phase, are controlled by the monotonic
decreasing potentialV1(z) so that they will be delocalized al
over the sample. In a vicinity ofTNI the low-energy levels of
the local biaxial modes can easily be obtained by use of
same procedure. Now the potentialV3(z) is simplified as
V3(z)51 for 0,z,dN , and V3(z)59 for z.dN . The
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boundary condition atz50 for the biaxial fieldf3(z) reads
df3(0)/dz5asf3(0). One finds the excitation energie
E3

(n)511j0
2kn

2 , where the parameterskn now satisfy the
equation

kndN5pn2arcsinS j0kn

2A2
D 2arcsinS kn

Akn
21as

2D , ~7!

where n51,2, . . . ,nmax. The number of localized mode
nmax is fixed by the condition 0<knj0/2A2<1. Using dN
.j0 ln(1/utu), one gets fort→02

E3
(n)511

p2n2

ln2~1/utu!
, n51,2, . . . ,nmax. ~8!

We see that in the limitt→02 the local biaxial modes are
strongly softened as compared to the bulk biaxial fluct
tions in the nematic phase. For everyn the energiesE3

(n)

change fromE3
(n)59 ~the gap in the bulk nematic phase! to

E3
(n)51 ~the gap in the bulk isotropic phase!.
Role of the interface-position fluctuations. Since the upper

critical spatial dimension for a critical wetting transition
D53, higher order fluctuation effects are not excluded.
deed, the singular part of the mean-field free energy i
regime of complete wetting behaves likef s

sing}2t ln(t). On
the other hand, the one-loop fluctuation contribution to
free energy is related to the lowest soft modef0

(0)(z) since
the energies of the excited states of Eq.~4! are separated
from E0

(0) with a finite gap. Using this fact, it is easy to se
that the fluctuation part of the free energy isf s

f l(t)}
2E0

(0) ln(E0
(0));2t ln(t), so that it compares to the singula

part of the mean-field free energy@8,9#. Since for uniform-
director configurations the scalar order-parameter fieldf0(r )
is decoupled from the director fields, most of the resu
known from the scalar theory@10# can be applied to nemati
systems without changes. However, the fluctuation m
f0

(0) can effectively disturb the studied local director exci
tions. It is easy to see this qualitatively if we remember so
of the fluctuation effects connected to the soft modef0

(0)(z),
originally obtained in a context of the scalar order-parame
theory. At the first place, it can be shown that this mo
produces singularities in the correlation functio
^f0(r' ,z1)f0(0,z2)&;exp(2r' /ji)f0

(0)(z1)f0
(0)(z2), wherej i

51/AE0
(0)}1/At is the characteristic length of the scal

order-parameter correlations parallel to the surface. Th
there are critical long-range correlations of the scalar ord
parameter fluctuations parallel to the surface~capillary
waves!. Another criticality connected tof0

(0)(z) is the pre-
dicted divergence of the interfacial width. Denoting b
dI(r')5dI1z(r') the local interface position, it can b
shown that the characteristic interface thicknessj'[A^z2&
diverges ast→01 according to the asymptotic formj'

} ln ji}AdI @9#. The critical increase of the effective inte
face width will effectively change the potentialV1(z) which
controls the director excitation spectrum. On the other ha
the treatment of the local fluctuation modes used through
the paper remains valid, since close enough toTNI the effec-
tive interfacial width will be much smaller than the chara
teristic domain thickness.
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Order-electricity effects. There is a series of issues whic
might invalidate the uniform-director appoximation su
gested in the above analysis@11#. The order electricity
@12,13# belongs to this series. Since the nematic-isotro
interface is characterized by a strong variation of the sc
order parameter, one can expect that the order electricity
play an important role in the wetting phenomena. Let
concentrate on the case of ordering substrates when the
atic director is strongly anchored along the normal to
surface. The inhomogeneity in the profile functionu(z), Eq.
~2!, generates along the axisz the electric polarization field
Po

z5(r 1n0z
21r 2)(du/dz), where r 1 and r 2 are the order-

electric coefficients@13#. Denoting byu the polar angle of
the director n05(sinu,0,cosu), it is easy to see thatu
5u(z), since the free-energy density termf o , connected
with Po

z , mixesn0 anddu/dz:

f o52
1

2
Po

zEo
z5

2p

ezz~u!
~r 1 cos2 u1r 2!2S du

dzD
2

. ~9!

Hereezz(u)5e'1(e i2e')cos2 u is thezzcomponent of the
dielectric tensor andEo

z is the z component of the induced
electric field. Combining the last equation with the elas
term in Eq.~1!, one finds that the elastic constantL in Eq. ~1!
is effectively renormalized asL→Le f f(u)5L1@4p/
ezz(u)#(r 1 cos2 u1r2)

2. To find the functionu(z) we will
follow the arguments of Ref.@13#, applicable in our case fo
t→01. The Euler-Lagrange equation for the polar angleu,
as obtained from Eq.~1!, reads

d2u

dz2
5

1

6Lu2

dLe f f

du S du

dzD
2

. ~10!

Sincedu/dz is ad-like function centered atz5dI , the func-
tion u(z) can be approximated with a linear function in th
region 0,z,dI , excluding the vicinity of the interface and
possibly, of the surface. Since the interfacial energy is p
portional to Le f f

1/2 , the minimum condition for this energy
dLe f f /du50 also defines the average polar angle at the
terfaceu0 @14#. We do not consider here possible deviatio
from the linear behavior ofu(z) close to the substrate@15#.
Therefore, ast→01 the inhomogeneous director state
characterized by the polar angle

u~z!5u0

z

dI
.u0

z

j0

1

ln~1/t!
, t→01, z<dI . ~11!

The inhomogeneous director state described above
generate several changes in the fluctuation mode dynam
Since the local base tensors are now coordinate depen
gi5gi(z), the normal mode equations~4! are coupled. In
particular, there is a coupling between the longitudinal sca
order-parameter fieldf0(z) and the transverse director fluc
tuationsf2(z) and f3(z). The mode coupling is, however
asymptotically small, as it is controlled by the small para
eter j0 /dI} ln21(1/t). Since the interaction decreases log
rithmically , the mode coupling due to order-electricity e
fects can play an important role in real experiments.

In conclusion, the above analysis shows that the spectr
local director modes can give a direct information about
nature of presurface forces and the criticality by itself.
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principle, the role of interface-position fluctuations can
neglected only close enough toTNI , when the effective in-
terface width is smaller than the presurface layer thickne
The fluctuation effects inD53 are known to depend on th
value of the dimensionless parameterv5T/4pjs, wherej
is the bulk correlation length of the phase attracted to
wall, ands is the surface tension of the free interface@9#. It
wiil be interesting to study the role of this parameter in d
ev
s.

e

ferent liquid crystal materials. Finally, it was shown that t
order-electricity effects can importantly change the local
citation spectra, as they effectively couple the normal dir
tor modes to the ‘‘dangerous’’ scalar order-parameter m
f0(z).
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